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Euler Archive Spotlight
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Pittsburg State University
cjhuffman@pittstate.edu

In this issue, we highlight the Basel Problem in the Euler Archive. This important
problem brought Euler’s mathematical prowess into the limelight. Specifically, the Basel
Problem was to find the exact sum of the infinite series of reciprocals of the squares of
positive integers, namely
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Mentioned by Pietro Mengoli in the mid-17th century, the problem was popularized
by Jakob Bernoulli, who was unable to find a closed form, but did show that the series
converged to a sum which was less than 2. In “Tractatus de seriebus infinitis”, published
in 1689 in Basel, Bernoulli wrote, “If anyone finds and communicates to us that which
thus far has eluded our efforts, great will be our gratitude.” (Translation by Sandifer [2, p.
157].) The best mathematicians of the day, including the Bernoulli brothers, Leibniz, de
Moivre, and others, accepted the challenge, but all were unsuccessful. A young Euler
achieved immediate fame in the mathematical world by proving the series converges to

2 / 6.
Before solving the Basel Problem, Euler approximated the series to six decimal places
in 1730. Below in Figure 1 is Euler’s approximation of the series from Section 22 of E20
“De summatione innumerabilium progressionum” (“The summation of an innumerable
progression”), which was published in 1738. The Euler Archive contains a German
translation of E20, but at this time, there is no English translation.

Figure 1 Euler’s six decimal place approximation of the infinite series of the reciprocals
of squares from Section 22 of E20.
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Then, in 1734, Euler announced he had solved the Basel Problem, demonstrating to
the mathematical world his brilliance and amazing ability. Euler’s solution was published
in 1740 as “De summis serierum reciprocarum” (E41). Figure 2 below is from an English
translation, “On the sums of series of reciprocals”, by Jordan Bell, which is available in the
Euler Archive. This clip shows Euler’s announcement of not only solution of the Basel
Problem, but also, more general results, namely the sum of a series of reciprocals of even
powers of the positive integers. It is interesting to note that Euler is not yet using  to
denote the ratio of the circumference of a circle to its diameter.

Figure 2 Euler’s announcement of a solution to the Basel Problem and more
general results from an English translation of E41.

Euler included three solutions to the Basel Problem in E41, along with
generalizations, and approximations to  . There were criticisms of his use of an infinite
product that he claimed was equal to (sin x) / x . Euler attempted to address these
concerns in “De seriebus quibusdam considerations” (“Considerations on certain series”,
E130, written in 1739 but not published until 1750, no English translation available yet in
the Euler Archive) and “De summis serierum reciprocarum ex potestatibus numerorum
naturalium ortarum dissertatio altera, in qua eaedem summationes ex fonte maxime
diverso derivantur” (“On sums of series of reciprocals from powers of natural numbers
from another discussion, in which the sums are derived principally from another source”,
E61, published in 1743, German translation available in the Euler Archive). Then Euler
presented a fourth solution to the Basel Problem in E63, also published in 1743, in French,
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“Demonstration de la somme de cette suite 1 + 1/4 + 1/9 + 1/16 + ...” (“Demonstration of
the sum of the series 1 + 1/4 + 1/9 + 1/16 + ...”). Figure 3 is the beginning of E63.
Solving the challenge of the Basel Problem brought Euler to the attention of top
European mathematicians at the beginning of his illustrious career. To read more about
Euler and his solutions to the Basel Problem see [1] and [3], visit the Euler Archive to read
about the Basel Problem in Euler’s own words, and if you’re up to the challenge, translate
one or more of the articles (E20, E130, E61, E63) into English for the Euler Archive to make
them readable for a wider audience.

Figure 3 The beginning of E63 in which Euler presented his fourth solution of the Basel Problem.
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